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Abstract 

In this paper we compare two constructions of weight functions (off-shell 
Bethe vectors) for the quantum affine algebra U q (Ql N ). The first construction 
comes from the algebraic nested Bethe ansatz. The second one is defined in 
terms of certain projections of products of Drinfeld currents. We show that two 
constructions give the same result in tensor products of vector representations of 

u q Q N ). 
1 Introduction 

Off-shell Bethe vectors in integrable models associated with the Lie algebra $i N have 
appeared in [KRJ in the framework of the algebraic nested Bethe ansatz. For N = 2 
they have the form B(t\) ■ ■ ■ B(tk)v, where B(u) = X^w) is an element of the mon- 
odromy matrix and v is the highest weight vector of an irreducible finite-dimensional 
representation of U q (gl 2 ). For N > 2, off-shell Bethe vectors are defined in |KR] in- 
ductively. They are functions of several complex variables t\ . . . labeled by two 
indices, the superscript corresponding to a simple root of si^- If the variables t\ . . . 
satisfy the Bethe ansatz equations, the Bethe vectors are eigenvectors of the transfer 
matrix of the system. 

Off-shell Bethe vectors also serve for integral representations of solutions to the q- 
difference Knizhnik-Zamolodchikov (qKZ) equations [R t ITV1|, ITV2j . In this case they 
are known under the name of "weight function". It has been observed in |TVlj that 
weight functions have very special comultiplication properties that allow one to express 
a weight function in a tensor product of representations in terms of weight functions 
in the tensor factors. The comultiplication properties of weight functions are essential 
for constructing solutions to the qKZ equations. In this paper we start from these 
properties and define a weight function as a collection of rational functions with values 
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in representations of the quantum affine algebra satisfying suitable comultiplication 
relations. 

A new approach for construction of weight functions has been proposed recently 
in [KP\ IEKP] . It is based on the "new realization" of quantum affine algebras [D] . 
In this approach, the key role is played by certain projections to the intersection of 
Borel subalgebras of different kind of the quantum affine algebra. Those projections 
were introduced in pERj and were used in |DKP] to obtain integral formulae for the 
universal 7£-matrix of the quantum affine algebra UJslz). It is shown in \KP\ [EKPJ 
that acting by a projection of a product of Drinfeld currents on highest weight vectors 
of irreducible finite-dimensional representations of U q (gl N ) one obtains a collection 
of rational functions with the required comultiplication properties, that is, a weight 
function. 

In this paper we compare two constructions of weight functions for the quantum 
algebra U q (gl N ). We conjecture that the constructions give the same result for any 
irreducible finite-dimensional representation of U q (gl N ). We prove this conjecture for 
tensor products of the vector representations of U q (gl N ). To this end, we show that 
weight functions defined by the projections and those given by the algebraic Bethe 
ansatz satisfy the same recurrence relations with respect to the rank N of the alge- 
bra. To obtain the recurrence relations we use a generalization of the Ding-Frenkel 
isomorphisms of two realizations of U q (gl N ). 

The paper is organized as follows. In Section 2 we recall two descriptions of U q (gl N ): 
in terms of the fundamental L-operators and in terms of Drinfeld currents. We define 
weight functions and symmetric (or modified) weight functions by their coalgebraic 
properties. We pay special attention to the symmetry properties of weight functions. 
In Section 3 we describe the construction of a weight function by means of projections 
of Drinfeld currents. This is done by applying the construction of [EKPJ to the sub- 
algebra U q ($lw) in U q (gl N ). In Section 4 we describe, following [TVlj . the L-operator 
construction of the U q (gl N ) weight function. In Section 5 we prove the main result 
of the paper that the two constructions of weight functions give the same result for 
tensor products of the vector representations of U q (gl N ). Besides, Section 5 contains 
a description of projections of composed currents, which generalizes the Ding-Frenkel 
isomorphism. 

2 Quantum affine algebra U q (Q[ N ) 
2.1 L-operator description 

Let G End(C JV ) be a matrix with the only nonzero entry equal to 1 at the intersection 
of the z-th row and j-th column. Let R(u,v) G End(C 7V <S> C N ) <S> C[[v/u]], 




-i 



Ki<N 



l<i<j<N 



(2.1) 




-i 



l<i<j<N 



2 



be the standard trigonometric i?-matrix associated with the vector representation of 
qI n . It satisfies the Yang-Baxter equation 

R 12 ( Ul , u 2 )R n ( Ul , u 3 )R 23 (u 2 , u 3 ) = R 23 (u 2 , u 3 )R 13 ( Ul ,u 3 )R 12 ( Ul , u 2 ) , (2.2) 

and the inversion relation 

D (i2)/ m?(21)/ \ (<?«i ~ Q~ 1 U2)(q~ 1 u 1 - qu 2 ) 

R ( >{u 1 ,u 2 )R { >(u 2 ,u 1 ) = . (2.3) 

(mi - u 2 y 

The algebra U q (gi N ) (with the zero central charge and the gradation operator 
dropped out) is a unital associative algebra generated by the modes L^[±fc], k > 0, 

1 < i, j < N, of the L-operators ^(z) = Xlfclo Sfj=i e «i ® Lfj[±k]z Tk , subject to 
relations 

R(u, v) ■ <g> 1) • (1 <g> L^u)) = (1 <g> ^(u)) • (^(u) <g> 1) • R(u, v) 

R(u,v) ■ (L + (u) <g> 1) • (1 <g> L~(v)) = (1 <g> L"(u)) • (L + (w) <g> 1) • R(u,v), (2.4) 

LJ[0]=LT.[0] = 0, L+ [0]L- [0] = 1, l<t<j<N, 1 < k < N . 

The coalgebraic structure of the algebra C/ g (flfjv) is defined by the rule 

N 

M^S(«)) = £ ( 2 - 5 ) 
fc=i 

2.2 The current realization of ^(fltjv) 

The algebra t/ g (fl(jv) m the current realization (with the zero central charge and the 
gradation operator dropped out) is generated by the modes of the Cartan currents 

kHz) = £ kt[±m]z^, fct[0]fcr[0] = 1 , 

m>0 

2 = 1, . . . , N, and by the modes of the generating functions 

E t (z) = J2 E t [n}z- n > F t (z) = £ ^[n]*"" , (2.6) 

i — 1, . . . , N — 1, subject to relations 

(g -1 ^ - qw)Ei(z)Ei(w) = Ei(w)Ei(z)(qz - q~ l w) , 

(z - w)Ei(2)E i+ i(w) = E i+ i(w)Ej(2;)(g _1 2; - qw) , 
(gz - g -1 ^)^^)^^) = F i (w)F i (z)(q~ 1 z - qw) , 
(q^z - qw)Fi(z)F i+1 (w) = F i+1 (w)Fi(z)(z - w) , 

fef (fcf (z))" 1 = q '[ Z - qW F t (w) , 



z — w 
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*£-i(*)*iH (ktii^y 1 = qZ FM , (2.7) 

kt(z)F,(w)(kt(z)y 1 = F J (w) if + 

kf{z)E % {w) {kf{z))- 1 = _[~ W E t (w) , 

q l z — qw 

kf{z)E j {w) (kf{z)Y l = E 3 {w) if 
[L^), F»] = tf w (g - g- 1 ) (kUz)/k+ +1 (z) - k-(w)/K +1 (w)) , 

together with the Serre relations 

Sjm^E^E^E^w) -{q + q' 1 )E i {z 1 )E i±l {w)E i {z 2 ) + 

+ E i±1 (w)E i (z 1 )E i (z 2 ))=0, 
Sym 2iiZ2 (F i (z 1 )F i (z 2 )F i±1 (u;) - (q + f 1 )F i ( Zl )F i± iWf i fe)+ 

+F i± iHfi(2i)fiy = o. 



(2.8) 



To construct an isomorphism between the L-operator and current realizations of 
the algebra U g (gl N ), one has to decompose the L-operators into the Gauss coordinates 

(N N \ / N \ I N N \ 

i=l i<j / \ i=l / \ i=l i<j / 

and for i = 1, . . . , N — lto identify the total currents and the linear combinations of 
the nearest to the diagonal Gauss coordinates |DFj 

Ei{z) = E+ +1>i (z) - E7 +1 .( z ) , Fi{z) = F+ +1 (z) - Fr i+1 (z) . (2.10) 

The diagonal Gauss coordinates of the L-operators coincide with the Cartan cur- 
rents kf{z) and are denoted by the same letter. The results of |DFj say nothing about 
relations between Gauss coordinates F^Az) and Ep^z) of the L-operators for j — i > 1 
and the currents Fi(z), Ei(z). Some of these relations, that we will need for our con- 
struction, will be described in subsection 15.21 

In [D] the current Hopf structure for the algebra U q (gi N ) has been defined, 

A< D > (Ei(z)) = Ei(z) ® 1 + K(z) {K +1 {z)Y l ® Ei(z), 
A™ (Fi(z)) = 1 ® Fi(z) + Fi(z) ® fc+(*) {kt^iz))' 1 , (2.H) 
(^))=^)®^). 

We consider two types of Borel subalgebras of the algebra U q (gi N ). Borel sub- 
algebras U q (b±) C U g (gl N ) are generated by the modes of the L-operators L ± (z), 
respectively. 

Another type of Borel subalgebras is related to the current realization of U q (gl N ). 
The Borel subalgebra Up C U q (gl N ) is generated by modes of the currents L,[n], k^[m], 

4 



i = 1, . . . , N — 1, j = 1, . . . , N, n G Z and m > 0. The Borel subalgebra [/gC C^g(fltjv) 
is generated by modes of the currents £^[ n l> ^7t — m ]' * = 1> • • • > AT — 1, J = 1, . . . , N, 
n G Z and m > 0. We will consider also a subalgebra U' F C iTp, generated by the 
elements Fi[n], kj~[m], i = 1, . . . , N — 1, j = 1, . . . , N, n G Z and m > 0, and a 
subalgebra £7^ C Ue generated by the elements Ei[n], kj[— m], i = 1,...,N—1, 
j — 1, . . . , N, n G Z and m > 0. Further, we will be interested in the intersections, 

uj = u' F nu q (b-), u+ = u F nu q (b + ) (2.12) 

and will describe properties of projections to these intersections. 



2.3 A weight function 



We call a vector v a weight singular vector if it is annihilated by any mode of the 
currents * = 1, ■ ■ ■ , N — 1, n > and is an eigenvector for the Cartan currents 

k+(z),i = l,...,N 



kf(z) ■ v = Ai(z) v 



(2.13) 



where Aj(z) is a meromorphic function, decomposed as a power series in z x . The 
L-operator (12.91) . acting on a weight singular vector v, become upper-triangular 

0, i>j, L+(z)v = A i (z)v, i = l,...,N. (2.14) 



We define a weight function by its comultiplication properties. 

Let IT be the set {1, . . . , AT — 1} of indices of simple positive roots of gl N . A finite 
collection / = {i±, . . . , i n } with a linear ordering % -<■■•-< i n and a map i : I — *■ H 
is called an ordered U-multiset. Sometimes, we denote the map i by ij and call it a 
"colouring map". A morphism between two ordered LT-multisets / and J is a map 
m : I —>■ J that respects the orderings in / and J and intertwines the colouring 
maps: ijm = mij. In particular, any subset V C I of a LT-ordered multiset has a 
unique structure of LT-ordered multiset, such that the inclusion map is a morphism of 
Il-ordered multisets. 

To each Il-ordered multiset I = {i±, . . . ,i n } we attach an ordered set of variables 
{U\i G /} = {ti 1} . . . ,U n }. Each variable has its own "colour": t(ik) G EL 

Let % and j be elements of some ordered LT-multiset. Define a rational function 

-u 



qU - q tj 

i> 3 
i j 

q-Hi - qtj 

q'Hj - qtj 
qU - q-Hj 

1 . 



if t(i) = + 1 

if = t(i) + 1 

if = , 
otherwise . 



(2.15) 



Assume that for any representation V of U q (gl N ), generated by a weight singular 
vector v, and any ordered LT-multiset J = {ii, ■ ■ - i n }, there is a V^-valued rational 
function wyjit^, . . . ,t in ) G V depending on the variables {U\i G /}. We call such a 
collection of rational functions a weight function w, if: 
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(a) The rational function, corresponding to the empty set, is equal to v, 

w V fi = v . (2.16) 



(b) The function wvjiti^ ■ ■ ■ , U n ) depends only on an isomorphism class of an ordered 
Il-multiset, that is, for any isomorphism / : I — > J of ordered II- multisets we 
have 

wv,i(tf(i)\iei) = wvjitjlj^j) . (2.17) 

(c) The functions wyj satisfy the following comultiplication property. Let V = 
V\ <8> Vi be a tensor product of two representations generated by the singular 
vectors v%, v<i and weight series {A^\u)} and {A^\u)}, b = 1, . . . , N. Then for 
any multiset I we have 

( 2 ) 



A (2) (t- 



where 

QhjMm) = II 7(Mi)- (2-19) 

i-<3 

The summation in (12.181) runs over all possible decompositions of the ordered multiset 
/ into a disjoint union of two non- intersecting ordered submultisets l\ and Ii. 

Note that the comultiplication property relation (12. 18ft is not a recurrence relation, 
that is, it does not allow us to reconstruct functions Wyj for all ordered multisets / 
starting from the functions which correspond to the multisets with |/| = 1. 

Let I = {ii, . . . , i n } and J = {ji, . . . ,j n } be two ordered IT-multisets. Let a : / — > J 
be an invertible map, which intertwines the colouring maps, ijo = atj, but does not 
necessarily respect the orderings in I and J (that is, a is a "permutation" on classes 
of isomorphisms of ordered multisets). 

Let w(tj\j e j) be a function of the variables tj\j e j. Define a pullback <7 ''%)(t i | ie j) by 
the rule 

°'MU\iGi) = w(t*®\iei) II lithtj). (2.20) 

i<3, c(j)^cr(i) 

Let / and I' be ordered LT-multisets, and a an invertible map, intertwining 

the colouring maps. Then its restriction to any subset J C / is an invertible map of J 
to cr(J), intertwining the colouring maps. 

Proposition 2.1 Let w be a weight function, I, J ordered U-multisets, and a : / — > J 
an invertible map, intertwining the colouring maps. Then we have 



a ' J w V;J (t 



i lie J J ~~ 

A J?) (^) 
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The proposition means that the pullback operation (12.201) is compatible with the co- 
multiplication rule (12.181) . 

We call a weight function w q-symmetric, if for any ordered H-multisets I and J 
and an invertible map o : I — > J, intertwining the colouring maps, we have 

a ' J w v ,j(ti\iei) = w v ,i{U\iei) ■ 
2.4 A modified weight function 

Given elements i, j of some ordered multiset define two functions 7(ti,tj) and P(U,tj) 
by the formulae 



and 




if = t{j) + 1 

if = t(i) + 1 
otherwise 



if di) = dj) , 

nt,.tj) = { f '- f :. (2.21) 

otherwise . 

A collection of rational ^-valued functions wv,i(U\iei), depending on a representa- 
tion V of U q (Ql N ), generated by a weight singular vector v, and an ordered H-multiset 
/, is called a modified weight function w, if it satisfies conditions (a), (b), see (12.161) . 
(I2.17p . and condition (c'): 

(c') Let V — V\ (g) V% be a tensor product of two representations generated by the 
singular vectors t>i, v 2 and weight series {A^\u)} and {A^\u)}, b — 1, . . . , N. 
Then for any multiset / we have 



w v,i(U\iei) — ^ w Vi,h('ti\ieii) ® w V2,/ 2 (^|je/ 2 ) ' &h,h(Mi£i) 



x 



'■" Uh (2.22) 



x n A S)fe)n A S, +1 ( ( 

where 



$/i,/ 2 (*iii€/) = n pfatj) n T(*i>*^ 



ieJi, «g^2, j&h 



Let / = . . . , z n } and J = {ji, . . . , j n } be two ordered IT-multisets, and o : / — > J 
an invertible map, intertwining the colouring maps, ijo = aij. Let w(tj\j €j ) be a 
function of the variables tj\j £ j. Define a pullback cr '^w(tj|j e /) by the rule 

^w(*<li6/)=w(* ff(i) |i 6 /) JJ jfatj). (2.23) 

i,jei 
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Proposition 2.2 Let w be a modified weight function, I, J ordered U-multisets, and 
a : I — > J an invertible map, intertwining the colouring maps. Then we have 

a,1 Wv,j(ti\ ieI ) = ^ a ' lw Vi,a(h)(ti\ieh) ® CT ' 7 Wy 2 , CT (7 2 )(^| i6 7 2 ) X 

J=-TiLU2 



X 



We call a modified weight function w q- symmetric, if for any two ordered Il-multisets 
/ and J and an invertible map a : / — > J, intertwining the colouring maps, we have 

CT ' 7 Ww(ti|ie/) = Wv,/(ti|i G /) . 

For an ordered Il-multiset / = {ii,i 2 , . . . ,i n }, let / = {i n , i n -i, ■ ■ ■ , h} be the 
ordered Il-multiset with the colouring map, ij{ik) = i>i(ik), k — 1, . . . ,n. 

Proposition 2.3 

(i) Let w be a weight function. Then the collection Wv,i(U\i e i) , where 

WvAMiei) = Wv,i(ti\iei)nP(ti,tj) Y[A t{i)+1 (ti) (2.24) 

is a modified weight function. 

(ii) Let w be a modified weight function. Then the collection wv,i(ti\iei), where 

is a weight function. 

(Hi) If w is a q-symmetric weight function, then w is q-symmetric modified weight 
function, and vice versa. 

The last proposition means that we have a bijection between weight functions and 
modified weight functions. 



3 Weight functions and Drinfeld currents 
3.1 Quantum afRne algebra £/ g (sl/v) 

We are using two description of the quantum affine algebra U q (slN)'- in terms of Cheval- 
ley generators and the current realization. 

The algebra U q (siN) (with zero central charge and the grading element dropped 
out) is generated by the Chevalley generators e± ai , fc^. 1 , where i — 0, 1, . . . ,N — 1 and 
YliLo — 1, subject to relations 
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E e ±i e ±% e ±£ , '~ r) = °' where m hi = 1 _ ( a *> * ^ 

r=o (3.2) 

eit = [k] q \ = [k] q [k -l] q ... [2U1],, [k] g = q " " (fS " 



[A;],! g - g 



i 



where a^j = (ctj, a,-) is the Cartan matrix of the affine algebra sIn, ctj) = 2, 
(oij, ctj) = —1, if i — j — ±1 mod iV. 

The comultiplication map is given by the formulae: 

A(e Q J = e Qj <g> 1 + fc Qi <g> e Qi , 

A(e_ Qi ) = l®e_ ai + e_ ai ® A;" 1 , (3.3) 
A(/c Q .) = A; Qi ® fci. 

In the current realization, ^(sljv) is generated by the elements e^n], fi[n], where 

i = 1, . . . ,iV - 1, n e Z; ^[n], i = 1, . . . , N - 1, n > 0, ^"[0] = (^[O])" 1 . They are 
combined into generating functions 

ei (z) = J>»~ n » /*(*) = I>M*~ B , = 5>*N^ n > 

nGZ n& n>0 

which satisfy the following relations: 

(z - q i - ai ' aj) w)e i (z)e j (w) = e j (w)e i (z)(q i - ai ' a3) z - w) , 
_ <r (a< ' a 'M/i(*)/>) = />)/^)(g-(^^ - w) , 
^ (z)ej(w) (*)) = (z _ gK ,«,) w) e >) , 

H = ^»$*(*) , W = ± , 

[^)j>)] = ^(^)-^rw). 



and 



Sym (e i (2;i)ei(z2)e j (w) - (g + g ^(zi^i^e^) + e j (w)ei(z 1 )ei(z 2 )) = , 

Zl,22 

Sym (Mzjfi^fjiw) - (q + (T^/i^O/iH/ite) + /»/.(^)/.(^)) = , 



Z1,Z2 



where i — j — ±1. 

The two realizations are related by the formulae: 

fc Qi =^[0]> e Qi = ei [0], e_ ai =/i[0], i = l,...,JV-l, 
e ao = [ei[0],[e 2 [0],...,[e JV _ 2 [0],ej V _i[-l] g ]g ...],, 
e_ ao = [ . . . L/W-i[l], /jv- 2 [0]],-i, • • • , / 2 [0]],-i, /i[0]],-i , 
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where [e#], ej [l}} q = e^e^l] - q^^e^k] and \fi[k], fMr* = fAW] ~ 

The Drinfeld comultiplication A^ for the algebra U q (sl]y) looks as follows. 

A^ei(z) = ei(z) <g> 1 + ^(z) ® e t (z) , 
A^f i {z) = l®f l {z) + f l {z)®^f{z), 
A^t(z)=^(z)®^t(z). 

The quantum affine algebra i7 9 (s[/v) has two types of Borel subalgebras. The Borel 
subalgebras U q {b±) C f/^sljv) are generated by the Chevalley generators e av k^ 1 , i = 
0, . . . , N — 1 and e- ai , k^ 1 , i = 0, . . . , N — 1, respectively. They contain Hopf coideals 
U q (n±) C U q (b±), generated by the Chevalley generators e ai , and e_ ai , 2 = 0,..., N—l, 
respectively. 

The Borel subalgebra Up C Ug^st^) is generated by the elements fi[n], where 
i = 1, . . . , N — 1, n G Z and ^[w], z = 1, . . . , N — 1, n > 0. The Borel subalgebra 
t/g C U q (slN) is generated by the elements ej[n], where z = 1, . . . , iV — 1, n G Z and 

[n], z = 1, . . . , iV — 1, n > 0. We are interested in their intersections, 

up- = up n U q {n*l) , u s J + = up n U q (bf) . (3.4) 
According to [EKPj . these intersections satisfy coideal properties 

M D \Up + ) c U q (sl N ) ® C/£ [ +, A^) ([//-) c Uf- ® l/ ff (£W) 

and the multiplication m in [^(sl^v) induces an isomorphism of vector spaces 

m : J/J 1- ® -> C/Jf. 
The projection operator P : {7J. 1 — > f/^ [+ is defined by the rule 

P(f-U) = £(/-)/+, /- e c z/gCFtjv), /+ g ^ [+ c c/^). (3.5) 



3.2 The embedding of C/ g (s Ijv) to U q (gl 



Consider the embedding 6 : U 9 (sIn) ^ U q (gl N ) given by the following formulae in the 
current realizations of {7 9 (sljv) and C/ 9 (0ljv) : 



e(e,(z)) = (q- q- l y l EM- t+1 z), Q(f ( (z)) = (q - q' 1 )' 1 FM~ l+l z) 

e(^M) = kt(q- i+1 z) {kt +l {q-^z)Y\ 

Let g + {z), g~(z) be power series with coefficients in C, 

g+(z) =gt + giz- 1 + ... + g n z~ n + ..., 
9~{z) = g + g-iz + ■■■ + g- n z n + ..., 



(3.6) 



(3.7) 



satisfying the condition 

9o9o = 1 • (3-8) 
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A pair g ± (z) defines an automorphism Tg+( z ),s-(z) of the algebra U q (gl N ) by the rule 

T g + {z ),g-( z )L + (z) = g + (z)L + (z), T g + {z) ^- {z) L~ {z) = g~(z)L~(z) . (3.9) 
The following facts are well known. 
Proposition 3.1 

(i) The embedding is a morphism of Hopf algebras with respect to any of the 
comultiplications A or A^ D \ 

(ii) The image of 9 is the subalgebra of invariants of all automorphisms r s (z),§(«) ^ n 
U q {Ql N ). 

(Hi) The embedding 6 maps the Borel subalgebras U q (b±) C U q (sl]sr) into the corre- 
sponding Borel subalgebras U q (b±) C U q (gi N ), and the current Borel subalgebra 
Up C C/ ? (s[jv) into the current Borel subalgebra Uf C U q (gl N ). 

3.3 Projections 

Clearly, the Borel subalgebras in U q (slpf) and U q (gi N ) differ only by Cartan currents. 
We have N Cartan currents kf(z), i = l,...,N, in U q (b+) C U q (gl N ) and in Uf C 
U q (gl N ), while we have N — 1 Cartan currents ip^(z), % = 1, . . . , N — 1, in U q (b+) C 
U q {sl N ) and in Up C U q (sl N ), and ®{ipf{z)) = k+(q- l+1 z) (kf +l {q- i+1 z))' 1 . 

We can choose modes of one of the current k±(z), as generators of an abelian 
subalgebra A\. Then the multiplication in U q (gl N ) establishes an isomorphism (of 
vector spaces) between the Borel subalgebra U q {b + ) C U q (gl N ) and the tensor product 
of A\ and the image of Borel subalgebra Z7 g (b+) C U q {5l^). An analogous statement 
holds for the current Borel subalgebras Up C U^si^) and Up C U q (gl N ). 

This observation implies that the algebras Uj — U' F n U q {b-) C ^(gl^) and 
Z7p = Uf H Z7 9 (b + ) C f/^gb^r), see (I2.12p . satisfy the same properties as the analogous 
subalgebras (13. 4p of U^si^)- Namely, they are coideals, 

A&\U+) c U q (£l N ) ® Z7+ , A^C//) c L7 <g> ^(gbv) , 
the multiplication m in Z7 g (0ljv) induces an isomorphism of vector spaces 

m:Uj ®U^ —>U F , 
and the projection operator P : Up C ^(flbv) — * is defined similarly to (13. 5p . 

P(f-f+) = £(/-)/+, /- e C/7 c ^(0^), f+eU+c U q (gl N ). (3.10) 

Proposition 13.11 yields that the definitions (I3.5P and (13. lOf) are consistent, that is, for 
any element / G Uf C Z7 9 (sIat), we have 

e(p(/)) = p(e(/)), (3.ii) 

where P in the left hand side is the projection operator (13. 5p and P in the right hand 
side is the projection operator (13. 10p . 
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3.4 A construction of the weight function 

Let V be a representation of U q (gl N ) generated by a singular vector v. Let / = 
{ii,..., i n } be an ordered Il-multiset. Set 

wvA{Miei}) = P(F, (il) (t^---F, iin) (t in )) v. (3.12) 

Theorem 1 A collection of "V -valued rational functions Wy,/({^i|ie/}) > given by 
is a q-symmetric weight function . 

Proof. Due to (13TTTD and fl3~6|) . 

WvjdUl^j}) = (q- q- l ) n Q (P (f^iUj ■ ■ ■ U in) (t in ))) v , 

where t^, . . . , t in are the variables t^, . . . , t in , shifted by some powers of q. Therefore, 
the collection of functions wv,i({ti\i<zi}) is a U q (slN) weight function up to a certain 
shift of variables, and Theorem [1] is a particular case of Theorem 4 in |EKPj . Let us 
remind that the key assertion used in the proof of Theorem 4 in KKPj is the following 
relation for the comultiplications A, A^ D \ and the projection operator P, that holds 
in U q (g) for any simple Lie algebra g: for any element / G U F and any singular vectors 
v i, v 2 , one has 

A(P( /)) vi ® v 2 = (P ® P)A( D \f) Vl ®v 2 . (3.13) 
The g-symmetry of the weight function w follows from the defining relations ( 12.7ft . □ 
For an ordered IT-multiset I — {ii, . . . , i n } set 

w^({*i|i 6 /}) = P(F <in) (t in )-..F l{il) (t ii )) v-HPiU^llA^iU), (3.14) 

where (3(ti,tj) is defined by (I2.2ip . Theorem [T] and Proposition 12.31 imply the following 
statement. 

Corollary 3.2 A collection of V -valued rational functions Wy / ({t l | ie /}), given by 
IjO^P , is a q-symmetric modified weight function. 

4 L-operators and modified weight functions 

4.1 U q (gl N ) monodromy 

We borrow the construction below from [TV1] . We will need only one L-operator, say 
L + (z), which we denote as L(z). It generates the Borel subalgebra U q (b+), see Section 

Let M be a nonnegative integer. Let L^ k \z) E (C N ) be the L-operator acting 

as L(z) on k-th tensor factor in the product (<C N \® M and as the identity operator in 
all other factors. Consider a series in M variables 

T [M] (u u ...,%) = L^M ■ ■ ■ L^ M \u M ) • R {M '- A) (u M , ...,ux) (4.1) 
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with coefficients in (End(C Ar )) 0M (g> U q (b+), where 

R( M >-V(u M ,..., Ul )= n /-"'("r"') (4-2) 

In the ordered product of i?-matrices (14.21) the factor is to the left of the factor 
jl(mi) jf j > 772 ; or j = m and i > I. Note that due to the Yang-Baxter equation for 
L-operators element (14.1 j) can be rewritten as follows, 

T [M] (ui, . . ,%) = M (M '-' 1} (^, ■ ■ ■ • i (M) (%) • • -L^im) (4.3) 

Consider a special multiset l n labeled by a sequence of non-negative integers n = 
{ni, n^, . . ■ , nAr_i}, n G Z^J" 1 , |n| = ni + • • • + njv-i- As an ordered set, consists of 
integers z, such that 1 < i < \n\. The colouring map is 

u{i) = a G II for 1 + m H h n a _i < i < n x H Vn a . (4.4) 

Let us change a numeration of the set of variables {ti|ie/«} a s 

X _ f f al _ f l f l f 2 f 2 .JV-1 f JV-l fl 5^ 

Following |TV1] . set 

Ar_1 t a - t a 

x(tr)»W ® id) (T [N] (tj, . . . ,4; . . . ; tf" 1 , . . . ,t»£)4r ® • • • ® 4^ ® 1). 

Here tr : End(C 7V ) — > C is the standard trace map. The coefficients of M n (i n ) are 
elements of the Borel subalgebra U q (b+). 

Let S n = S ni x • • • x 5 njv _ 1 be the direct product of the symmetric groups. The 
group S n naturally acts on functions of t\, . . .t%~* by permutations of variables with 
the same superscript, if a = a 1 x • ■ ■ x a N ^ G S n , then 

crT _ / .1 .1 . . .JV-1 y.JV-1 \ 

t-n — 1>V(1)J • • • ' t (T 1 (ni)) ■ ■ ■ ' • • • ' ' 



Proposition 4.1 For any cr g 5^, we /jai>e 

Bfi(* ft ) = M n {%) . (4.7) 

Proof. It suffices to prove the claim assuming that o is the product of a single simple 
transposition and the identity permutations. In other words, a permutes just one pair 
of variables. 

Relations (12 .4p . the Yang-Baxter equation (12.21) and the inversion relation (12. 3p 
imply that 

P {i ' i+1) R {i ' i+1 \ui, u i+ i)T [M] ( Ul , ...,u h u i+1 , u M ) = 
= T [M] ( Ul , u i+1 , m,..., u M )P^R^(u i+1 , m) , 
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where p(*'* +1 ) is the permutation operator, p( 12 ) = - =1 e «i ® e i«- ^ i s ea sy to check 
that 

P (12) e i+1J <g> e i+1J = e i+ i d <g> e j+1>i = e j+ltj <g> e i+1J P (12) (4.9) 

and 

(121 9 U 1 ~~ Q u 2 

R ( > {ui,u 2 )e j+1 j E j+1J = ey+ij ® e i+ ij = 

U1-W2 (4.10) 



= e j+ ij <g> e i+ ijP (12) (Mi, m 2 ) • 

If a permutes just one pair of variables, then relations (14. 8p - (I4.10p and the cyclic 
property of the trace yield formula (14. 7p . For example, in the simplest nontrivial case 

u 2 — Ui 

B(u 2 ,ui) = — = tr (T(tt2, Wi)e J+ ij <g> e j+1J ) = 

q l u 2 — qui 



u 2 - Ui 
q~ l u 2 - qui 



tr (P^RW( Ul , u 2 )T( Ul , u 2 )RW(u 2 , uj-tpMej+u ® e j+1J ) 



" 2 tr (T(ui, u 2 )e j+l j ® e j+ i tj ) = M(u 1} u 2 ) . 



q 1 u 1 - qu 2 



Proposition 14.11 is proved. □ 

Let V be a f/q(gl A r)-module generated by a singular vector v, cf. (12.131) . Let I n be 
a special multiset (14. 4p . Let i n be the set of variables, corresponding to the set I n . Set 

w^ fl ({^ e /J)=B^>. (4.11) 

Clearly, special multisets given by the condition (14.41) are II-ordered multisets with 
an increasing colouring function. For a H-ordered multiset /, set 

n a = #{? G / I = a} , 

a = 1,...N — 1, and n = (ni, . . . njv-i)- Let cr : J — > be a unique invertible 
map intertwining the colouring maps and such that a(i) -< a(j) iff Lj{i) < or 
Li(i) = and i -< j. Set 

w^ftlie/) = ^w^^l^J. (4.12) 

Theorem 2 ^4 collection of V -valued rational functions w v /({^|i6/}) ? gwen fry \J^.ll ), 
^.Hty , is a q-symmetric modified weight function. 

Proof. The collection w v /({ti|ig/}) is g-symmetric due to formula (I4.12p and Propo- 
sition rCH Properties (12.161) and (I2.17P of the collection Wy 7 ({tj|j e /}) are straightfor- 
ward, and the comultiplication property (I2.22|) follows from Theorem 3.6.3 in |TV1] . 

□ 



14 



5 A correspondence of the two constructions 

The goal of this section is to verify the following statement. 

Conjecture. The modified weight functions w p and w B ; defined respectively by for- 
mulae ( [ff. 1J$ and h4-ll\ ), j-j-Pty , coincide. 

The Conjecture is equivalent to the following relations. Let v be a weight singular 
vector in some U q (g [^-module, cf. (12.1 3D . Take a sequence n = {n\, . . . , n^v-i}, and 
let in be the set of variables (14.51) . Then 



utn) v = p (i^-i(C-i) • • •-pvr-ico • • -m ni ) ■ ■■F 1 (t\: 



V X 



X 



N-l / a -l t a_ af a \ (5.1) 

n n q -^hi^ n w» 

a=l \l<i<j<n a 1 3 l<i<n a 



In this paper we will prove the Conjecture only for the special case, see Theorem [31 

Set 

R+( u , v) = — — R(u, v) G End(C Ar ® C N ) ® C[[v/u}} 

qu — q L v 

and 

R-{u,v) = (R+iv^)' 1 ) 21 G End(C iV ® C") <g> C[[u/v]] , 

where R(u,v) is defined in (12. ip . Define the evaluation representation 7Tz of [^(jjt^y) 
in the coordinate space C N by the rule vr^ (L ± (m)) = if±= (tt, z). We also denote the 
representation space of tc^ as V Ul (z). The first coordinate vector in is a weight 
singular vector. We denote it by v Ul . 

Theorem 3 Let V be a subquotient of the tensor product V ux (z\) (g> . . . ® V Ul (z n ), 
generated by the singular vector v = v ui (g> • • • <8> v Ul . Then for any ordered U-multiset I 

w£({tj|i6/}) v = w B ({ti| ie/ }) u • (5.2) 

Proof. Due to the comultiplication properties of the weight functions it is sufficient 
to prove Theorem [3] for n — 1. In this case, the weight functions generated by the 
singular vector v Ul are nontrivial only if \I\ < N and = {1, 2, . . . , | J|}. Since 

the weight functions w p and w B are g-symmetric, it is enough to consider the case 
I = {1,2, . . . , |/|} with the colouring map ti(i) = i for any i G /. In the last case, 
formula (15.21) follows from Proposition 15.11 

Let the sequence n be such that n\ = • • • = rik = 1, n k +i = ■ ■ ■ = n^-i = 0. In this 
case, the set of variables (14. 5 p takes the form: 

i={t\t 2 ,...,t k }, (5.3) 

where we omit the needless subscript. In addition, write B[ fc ](f) instead of M n (i). In 
the described case, formula (15. ip reads as 

k 

M [k] (t\ ...,t k )v = P (F k (t k ) ■ ■■F 1 (t 1 ))Y[A j+1 (t j ) v . 
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and follows from Proposition 15.11 

Say that a vector v is a singular vector if 

•« = . z = l,...,iV-l. (5.4) 

Equivalently, a vector v is a singular vector if 

L±(z)v = 0, l<]<i<N. (5.5) 

Compared with (|2.13p . (12.141) . we drop here the requirement that the vector v is an 
eigenvector of the Cartan currents k^(z), i = 1, . . . , N, and the diagonal entries La{u), 
i — 1, . . . , N, of the L-operator. Notice that for a singular vector v, we have 

ki(u) v = L ti (u) v , i = l,...,N, 

and Lii(u)Ljj(t) v = Ljj(t)La(u) v foranyi,j. 

Proposition 5.1 Lei v be a singular vector. Then for any k = 1, . . . , N — 1, 

M [k] (t\...,t k )v = P(F k (t k )---F 1 (t 1 )) L k+1 , k+1 (t k )---L 22 (t 1 )v . (5.6) 

In the rest of the Section we are proving Proposition 15.11 The idea of the proof is 
as follows. Below we will introduce elements B[; fc ](t z , . . . ,t k ) G U q (b + ) C U q (gl N ) such 
that Bnw^ 1 , . . . , t k ) = Bny^ 1 , . . . , t k ) and will obtain relations (15.91) for those elements. 
We will also consider projections of partial products of currents, P (F k (t k ) ■ ■ ■ Fi(t 1 )) 
and will obtain relations (I5.27P for those projections. The fact that relations (I5.27P 
and (I5.27P are almost the same will allow us to establish formula (15.61) . 



5.1 Recurrence relation for Mu^(t)v 

For any I — 1, ... ,k introduce an element M^ k ](t l , . . . , t k ) G U q (b + ) C U q (Ql N ): 
M m (t l ,t l+1 ,...,t k ) = tr 1A ... )fc _ l+1 (R^ k - l+1 -' 1 \t k ,...,t l ) x 

x L^ l+V> {t k ) ■ ■ ■ L ( - 2 \t l+1 )L ( - 1 \t l )e k k ^^ ■ ■ ■ e|+2,m e m,^ • (5 ' 7) 

Recall that for any A G End(C JV ) we denote by A® G End(C w (g) • • - ® C^) the matrix 
acting as A in the i-th factor of the tensor product ® • • • Cg) and as the identity 
matrix in all other factors. We also set 

![*+!,*](•) = 1 • (5.8) 

It is clear that M^ ^it 1 , . . . , t k ) coincides with B^t 1 , . . . , t k ). 

Let v be a singular weight vector. Recall that L^t) v = ki(t)v — Aj(£) v. We will 
show that the action of the element M[i^]{t l , . . . ,t k ) on the singular vector v can be 
expressed using a linear combination of products of the Gauss coordinates F^P' 1 ) 

»[k,k]( 

^k]^ ' ' ' ' 



with I < i < j < k + 1. For example, we have M[ kjk ](t k ) = L kjk+ i(t k ), so that 
](**) v = F+(t k )L k+ltk+1 (t k ) v, and 



\k-i,k]{t k 1 ,t k ) — L k ^ k+ i(t k )L k ^i^ k (t k x ) + ^ ~n~[ L k -i t k+i(t k )L k>k (t k v ) 
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so that 

,k-l ,k 



To obtain the required presentation in general, we will use the following statement. 
Proposition 5.2 We have 



k+1 



i m (t i ,...,t k )v = »M(i ra -.*Vir 1 : 



m=l+l 

m—1 



j=Z+l 



(5.9) 



We start the proof of this Proposition from the next lemma. 
Lemma 5.3 

M [lM (t l ,...,t k )v = B [l+l!k] (t l+1 ,...,t k )-L l>l+1 (t l )v + 

+ tr 2j ..., fe _ m (R( fe -^ x (51Q) 

v Jk-i+i) (3) (2) \ , 

x e k+l,k ' ' ' e Z+3,Z+2 e Z+2J J — TTTi 7: ) v ■ 



-k+l,k ^1+3,1+2^1+2,1 J w + i _ w 

Proof. To obtain formula ( 15.1 Oft we calculate the trace over the first copy of C N in 
formula (15.71) . Using the Yang-Baxter equation (12.21) . we get 

R^ k - l + 1 '-' 2 ' 1 \t k ,...,t l+ \t l ) = 

= R^ l \t l+ \ t 1 )--- R (k-l+lA)^-l+^ t l )R (k-l+l,...,2)( t k^ ^ t l+lj 

Due to relations (12.141) . we can write the right hand side of formula (15. 7\i applied to 
the weight singular vector v as a sum of two terms, 

tr 2| ... >fc _H-i (tri (R^(t l+1 ,t l ) ■ ..R( k - l+1 +\t k ,t l ) e«) • X ■ L l>l+1 (t l ) v + 



where 



X = R (k-J+1,.,2) ( ^ _ jfJ+ l) L (fc-J+l) (t *) . .. L (2}(fl+1) e (*-'+l) . . . fi (2) 



2J+1 • 



Now we calculate the traces tri in formula (15.111) taking into account the matrix 
structure of the i?-matrix (12. ip and the multiplication rule: e a b e c d = for b ^ c and 
e a fc Gfec = e ac . As a result, we get 



k-l+l 



tr 1 (i2( 21 )(i i+1 ,t , )---i2 ( *~ ,+1 ' 1) (**>*') e? 3 ) = 1 (2) 1 (3) • • • l (fc " m) + £>« )y < (5.12) 



i=2 
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and 

tn (R^\t l+ \t l ) ■ ■ ■ R^- l+1 ^{t k ,t l ) 4% A 



(q - q l ) t l+1 (2) (3) (fe _ m) (*) y , (5-13) 

i=3 

where Y{ , are some elements of End(C Ar (g> • • • <g> C N ). Observe that only the first 
terms in the right hand sides of formulae (I5.12p and (15.131) contribute nontrivially to 
the trace tr 2j . ..,&_/+! in formula (15.111) because tr (e a b A e c d) = for any A e End(C iV ) 
unless a = d. To complete the proof of Lemma 15.31 notice that 

ty+i,fc]( 



tr 2 ,...,fc— i+i X = Mn +1 u(t +1 , . . . ,t k ) 



and tr (e {+ i,, A e l+2 ,i+i) = tr (A e l+2 ,i) for any A G End(C Ar ) . □ 

Proof of Proposition \5.£\ To prove this Proposition we use the induction with respect 
to N. 

The first term in the right hand side of formula (15. lOf) is exactly the term in the right 
hand side of formula (15.91) for m = I + 1, because L[j + i(t l )v = Ff l+l {t l ) v, 
and it suffices to show that 

tr 2 ,.„ >fc _, + ifR( fc - ,+1 '-' a )(t fc , . . . ,t l+1 )L^ k - l+1 \t k ) ■ ■■L^\t l+1 ) x 



x e (fc ~ /+1) • ■ ■ e (3) e (2) I r 

A e fc+l,fc e 2+3,2+2 e 2+2,2 l L 

k+1 m_1 (a - a' 1 ) P 

= BM(r,.,0^rKr 1 )-"W^ 1 )«- n ^->i • 

m=l+2 3=1+2 

(5.14) 

Consider the embedding ip : f/ 9 (g[ Af _ 1 ) <^-> U q (gl N ) given by the rule 

V> (-^if" 1 ^)) = h+e(i>i) ,i+e(j>i){t) , = 1, • • • ,N~ 1 , 

where 6{m > I) = for m < I, and #(m > /) = 1 for m > I. Assume that U q (gl N _ 1 ) 
acts by the composition of the embedding ip and the action of U q (gl N ). Then the 
vector v is singular with respect to the action of U q (gl N _ 1 ). Taking into account the 
matrix structure of the i?-matrix (12.11) . we can verify that ip (m^_^ k _^(t m , . . . , t k ) J = 
~$>[m,k](t m , . . . , t k ) for m > I, and the left hand side of formula (15. 14ft coincide with 
ip (b[^1 1 J ] (^ +1 , . . . , t k )^j . In addition, observe that 



>l + 2. 



As a result, taking formula (15. 9p for U q (Ql N _i) with parameters I, k — 1, t' +1 , . . . t k , and 
applying the embedding ip we obtain formula (I5.14p . Proposition 15.21 is proved. □ 
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5.2 Composed currents and Gauss coordinates 

In the next two subsections we will show that the projections of products of currents, 
P (F k (t k ) ■ ■ ■ Fi{t 1 )), satisfy relations (ET27I1 which are similar to relations ( 15. 9ft for the 
elements M [lM (t l , ...,t k ). We will use those relations in subsection 15.41 to prove Propo- 
sition 15.11 

Following [DKllDKP|IKPj . we will introduce the composed currents Fij{t) for i < j, 
see ( 15.15)) . The composed currents for an arbitrary quantum affine algebra were defined 
in [DKj . The currents Fij(t) to be used here are images of the composed currents for the 
algebra U q (sl]y) under the embedding 6 : U q (sl]y) U q (gl N ) defined in subsection 13.21 

The currents F iti+ x(t), i = 1, . . . N — 1, are just the currents Fi(t), cf. (12.61) . It 
follows from formulae (12.101) and the definition of the projection P, see (13.101) . that 
P (F iii+ i(t)) = F^ i+1 (t), that is, the projection of the current F i i+1 (t) coincides with 
the Gauss coordinate F^ i+1 (t) of the corresponding L-operator [DFJ. There exists a 
similar relation between other Gauss coordinates F^-{t) and projections of the com- 
posed currents i^j(t), see Proposition 15.51 

According to |DKj . the composed currents F^j{t) belong to a suitable completion 
of the U q (Qi N ) subalgebra generated by modes Fi[n], n e Z, i = 1, ... ,N — 1. Ele- 
ments of the completion are infinite sums of monomials which are ordered products 
F ix [ni] " • Fi k [rik] with n\ < • • • < rik- We denote this completion by U f. 

The completion Uf determines analyticity properties of products of currents, see 
[DKj . One can show that for \i — j\ > 1, the product Fi(t)Fj(w) is an expansion of 
a function analytic at t ^ 0, w ^ 0. The situation is more delicate for j = i,i ± 1. 
The products Fi(t)Fi(w) and Fi(t)F i+ i(w) are expansions of analytic functions at |iw| > 
\q 2 t\, while the product Fi(t)Fi_i(w) is an expansion of an analytic function at \w\ > \t\. 
Moreover, the only singularity of the corresponding functions in the whole region t ^ 0, 
w 7^ 0, are simple poles at the respective hyperplanes, w = q 2 t for j — i, i + 1, and 
w = t for j = i — 1. 

The composed currents Fij(t), i < j, are given by the rule 

FiAt) = (q~ q-y-^F^F^t) ■ • ■F J -_ 1 (t) . (5.15) 

For example, F^i + i(t) = Fi(t), and F i)i+2 (t) = (g — g _1 )Fj(t)F i+ i(t). The last product 
is well-defined according to the analyticity properties of the product Fi(t)F i+1 (w), 
described above. In a similar way, one can show inductively that the product in the 
right hand side of (I5.15P makes sense for any i < j. 

Products of the composed currents have the following analyticity properties. For 
any i < r < s < j, the products F itr (t)F St j(w) and Fj tS (t)F itr (w) are expansions of 
functions analytic at t ^ 0, w ^ 0. For any i < s < j, the product F itS (t)F s j(w) is 
an expansion of an analytic function at \w\ > \q 2 t\, and the product F s j(t)F i<s (w) is 
an expansion of an analytic function at \w\ > \t\. Moreover, the only singularity of 
the corresponding functions in the whole region t ^ 0, w ^ 0, are simple poles at the 
respective hyperplanes, w = q 2 t for F itS {t)F s j(w), and w = t for F s j(t)F iiS (w). 

The composed currents obey commutation relations 

{q- l w - qt)F i>s (w)F s>j (t) = (w- t)F s>j (t)F i;S (w) , (5.16) 
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for any % < s < j, and 

F i:r (w)F sJ (t) = F sJ {t)F i;r {w) , (5.17) 

for any i < r < s < j, which can be observed from the basic relations (12. 7p and 
formula (I5.15p . In addition, the residue formula 

F Lj (t) = - TesF sJ (t)F i!S (w)— (5.18) 

w=t w 

holds for any s — i+ 1, . . . , j — 1. Since the total sum of residues of an analytic functions 
equals zero, taking into account commutation relations (15.161) . we also get 

F itj (t) = res (F, d (t)F i>a (w) —) + res ( q — ~ Qt F lyS (w)F sJ (t) —) . (5.19) 

Set Sa(B) = BA — qAB. Projections of composed currents can be defined using 
g-commutators with zero modes of the currents Fi(t), i = 1, . . . , N — 1. We will call 
operators Sp^o] the screening operators. 

Proposition 5.4 We have 

P (F itj (t)) = S Fi[0] (/'(/••,,,,(/))) , i < j — 1 . (5.20) 

Proof. Calculating the residues in the right hand side of formula (I5.19P for s — i + 1 
and using the fact F iti+ i(t) = Fi(t), we obtain 

F id (t) = ^(^^[Ol-g^^F^W + ^-g- 1 )^^^]^^)^. (5.21) 

k<0 

Now we apply the projection P, see (13.101) . to both sides of this relation. The modes 
Fi[k] with k < belong to Uj. Hence, due to formulae (I3.10p . the projection P kills 
the semi-infinite sum in the right hand side of (I5.2ip . and we get 

P(F id (t)) = P (Fi+tj^FiO] - qF^F^jit)) = 

(5.22) 

= P(S m (F i+ld (t))) = S m (P(F i+1>j (t))) 

To get the last equality we use the fact proved in [DKPl IKPj that the projection P 
commutes with the screening operators Sf 4 [o]; -P^f^o] (F)) = SV;[o] (P(F)) for any 

FeU'p. .... r 

Proposition 5.5 We have 

P (F id (t)) = (q - q-y-^F^t) , i < j — 1 . (5.23) 

Proof. The claim follows by induction with respect to j — i from formula P {Fi^+iiuf) = 
F^ i+ i {u) , Proposition 15.41 and Lemma 15.61 proved below. □ 

Lemma 5.6 We have 

(q - q- l )F^{t) = S Fm {F+ hj (t)) , i<j-l. (5.24) 
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Proof. It follows from relation (I2.9P that 



N 



LUt) = ^{t)kf(t) + £ • (5-25) 

m=j'+l 

Since SV^o] -(i)) = F^ -(t)Fj[0] — g f F i [0]i^ 1 • (£), and taking into account the 

commutativity 

[F[0], fc+(f)] = and [F[0], k+^E+^t)} = 

for i = 1, . . . , j — 2 and m = j + 1, . . . , N, we observe that relation (I5.24p results from 
formula (15. 25ft and the equality 

(q - q-^L+it) = Ltij(t)F t [0) - qF^L+^t) (5.26) 

by induction with respect to j starting from j = N. On the other hand, the second 
line in (12.41) at w = gives 



LtxM L li+M + (9 " ^X^r+i.mfO] = L- i+1 [0]L+ +lij (t) , 
which yields formula ( 15.261) . if we keep in mind the relations 

%n(0) = Lr. +1 [0] = -F t [0]K + \ , = Lr.[0] = fcr 1 , 

also following from (jg^j) . (12H . □ 

5.3 Calculation of the projections 

The following proposition is a counterpart of Proposition (15. 2p . 

Proposition 5.7 For any k > I, we have 
P(F k)k+1 (t k )---F ljl+1 (t 1 )) = 

k+l m-1 j /g 

= £ p(F fc , fe+1 (t fc )--.F m , m+1 (r))p(F Z)m (r- 1 )) — — — y • 1 ' J 

m=2+l J=l+1 

Proof. The claim follows from Lemma [5.81 proved below. □. 
Lemma 5.8 For any j — I + 1, . . . , k, we have 
P {F Kk+1 (t k )F k ^ k {t k ~ l ) ■ ••/•}• ; )) = 

= P {F Kk+l {t k )F k ^ k {t k - v ) ■ ■ ■ F j +1 j +2 (t j+1 ) F j;j+ i(t j ) ) P (Ftjtf- 1 )) + (5. 28) 
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Proof. We will prove the lemma by induction with respect to I, decreasing I from j — 1 
to 1. 

We will use the following properties of the projection P coming from the defini- 
tion ([3~TUj) : 

P(F~ s+1 (t) ■ X) = 0, (5.29) 
for any s — 1, . . . N — 1, and X G Uf , and 

P(X 1 P(X 2 )) = P(X 1 )P(X 2 ) , (5.30) 

for any X\, X 2 G Uf . 

Consider the case I = j — 1. To calculate the left hand side of formula (I5.28P we 
split the current = Fj-^ft- 1 ), 

Since Fj^^Jt-* -1 ) = P(-Fj_ij(t- ?_1 )), the first term here produces the first term in 
the right hand side of formula (15. 28ft . For the second term, we move the negative 
half-current F^_ x j(f?~ x ) to the left using the relation 

WOW** -1 ) \]'\ ' F > l )W*0 - 

(5.31) 

which is a consequence of formulae (15.16jl . ( 15. 18ft and the analyticity properties of the 
products of currents, and the fact that the currents F s>s+ i(t s ) for s > j commute with 
Fj~_ X t{p>~ x ) . Due to relation ( 15.291) . only the third term in the right hand side of (15. 311) 
contributes nontrivially to the projection, and we obtain the second term in the right 
hand side of formula (I5.28P for I = j — 1 , 

P {F Kk+1 {t k ) ■ ■ ■ F l+1 , l+2 (t l+1 )) ■ P {F ljl+1 (t 1 )) + 

fJ+i (5.32) 
+ P (F k , k+1 (t k ) ■ ■ ■ F l+2H? Xt l+2 )F lH2 {t l+1 )) ^— ? . 

Assume now that I < j — 2. Formula ( 15.211) gives that 

F ljS (t) = S m (F l+1)S (t)) -(q- q-^F-^t) F l+1>s (t) , (5.33) 

We replace Fij(V~ l ) and Fij + i(P) in ( 15. 28ft by the right hand side of formula (15.33!) 
for s = j,j + 1, respectively. Since the currents F StS+ i(t s ) for s > I + 1 commute with 
Ff l+1 (t) , the contributions of the second term in (15.331) vanish due to relation (15.291) . 
For the first term, we use the fact that P^S^^F)) = Sp^^P^F)) for any F G U' F , 
see |DKPt IKP] , and the commutativity of the currents F s s+ i(t s ) for s > I + 1 with 
Fi[0] . As a result, we get that formula (I5.28j) is equivalent to 

S m (P (F k>k+1 (t k )F k ^ k (t k ~ l ) ■ ■ ■ /•}.!.,.,(/'• ; )/'}.,. if')/')- ; ))) = 

= S Fl[0] (P (F k ^ k+ i(t k )F k _ lik (t k ~ 1 ) ■ ..F j+1J+2 (V +1 )F j>j+1 (ti)) P (F^- 1 ))) + 
+ jn-JJ-i ^[o] (P {F k , k+1 {t k )F k ^ k {t k - 1 ) ■ ■ ■ F HW (V +1 )F l+w (t>))) . 
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The last equality is obtained by application of the screening operator Sp^ to for- 
mula (15.281) with / replaced by / + 1, and is true by the induction assumption. □ 



5.4 Proof of Proposition 15.1 



For each I — 1, . . . N — 2, we consider the embedding ip t : U q (gl N _i) U q (gl N ), defined 
by the rule 

^ (l%-\tj) = L i+l , j+l (t) , i,j = 1, . . . ,N - I. 

Taking into account the matrix structure of the P-matrix (12. ip , one can verify that for 

I < m < k, 

In addition, using formula (12.91) one can check that for I < i, ^ (i*fi~' ] (*)) = 

Besides this, the embedding tpi is consistent with the projections P^ N ~ 1 ^ and P. 

We prove Proposition (15. ip by induction with respect to N. We replace the expres- 
sions in both sides of formula (15.61) by the right hand sides of formulae (I5.9P and (I5.27P 
with 1 = 1, respectively, and compare the results term by term. The terms for m = k+1 
are manifestly the same, taking into account formula (I5.23p . For m = 2,...k, the 
equality of the corresponding terms is equivalent to 

VW-i (Bj£^(^ = 

= VW-i (p^+^Ff^^-.-Ff-^r))) x (5-34) 

x F+ m (* m - 1 )P fc+ i )fe+ i(t fe )---P 2 2(t 1 )^. 

It follows from commutation relations (12.41) . (12.71) . that if v is a singular vector with 
respect to the action of U q (gl N ), then the vector 

v m . x = F+ m (t m - l )L mm (t m - l )---L 22 (t 1 )v 

is a singular vector with respect to the action of U q (gl N _ m+1 ) induced by the embedding 
ipm-i ■ U q (Ql N _ m+1 ) ^ U q (gt N ) , and 

Fi,m(t m 1 ) Lk+i,k+i(t k ) ■ ■ ■ L 22 (t v ) v = Lk+i,k+i{t k ) ■ ■ ■ L m+ i^ m+ i(t m ) i> m _i . 

Hence, formula (15.341) takes the form 

(B^+fr,...,^)) Vnr .t = 

= (p^-^ (Fi N z:t i] (t k ) ■ ■ ■ Fi N - m+i] (n) x 

x I ^k-m+2,k-m+2 (t ) • • -L 22 (t m ) f m -i , 
which follows from the induction assumption. □ 
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